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We investigatea connectiongoverningparalleltransportalongmixedstatesrecentlydefined
by Uhlmannfor thecaseof 2x 2 matrices.We discusstheunderlyingbundlestructureinclud-
ing singularorbits, showan interestingrelationto instantonsandprove that theconnection
fulfils thesource-freeYang—Mills equationwith respectto theRiemannianmetric on thespace
ofdensitymatricesinducedby theBuresmetric.
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1. Introduction

Recentlya lot of work hasbeendoneon Berry’s phase[1] and its nonabelian
generalizations.A large list of references,probably exhaustingthe literature writ-
ten on this subject until 1990, can be found in ref. [21.In particular,Uhlmann
proposedanddiscussedin a seriesof papers[3] a connectiongoverningparallel
transportalongmixedstates,which is naturallyrelatedto theconceptof purifi-
cationof densitymatrices.

Let H betheHubertspaceof a quantumsystemwith scalarproduct<, ~>. A
densityoperatoris a positivetraceclassoperatorwith traceone.It definesa mixed
state,thatmeans,a functionalon thealgebrad of observablesvia

daai-+p(a)=Tr(ap). (1.1)

Theconceptof purification consistsin representingmixedstatesby purestates,
thatmeans,vectorsinanextendedHilbertspaceH~t.Thisprocedureis, of course,
notunique.Oneoptionisto take
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He~c
t:__H*®H. (1.2)

A purification ØEHeXi ofp isthen definedby the equation

(1.3)

with <~,‘>H’~t beingthescalarproducton HexIinducedby <~,‘>. If ~ then

H*®H~gl(n,C), (1.4)

and—asoneeasily shows—theinducedscalarproduct<‘,~>H~1coincidesin this
casewith thenaturalHermiteansesquilinearform ongl(n, C)

(X,Y)i~*Tr(XY*). (1.5)

As we shallsee,the connectionproposedby Uhlmannis directly relatedto this
sesquilinearform.

It is theaim of this paperto investigateUhlmann’sconnectionfor thecaseof
2 x2 densitymatricesin somedetail.First we makesomeremarksfor arbitraryn
(section2). In particular,we showthat Uhlmann’sconceptof paralleltransport
includestheparalleltransportalongpure,k-fold degeneratequantumstates,which
wasextensivelydiscussedin ref. [4]. Thenwe discussthebundlepictureforn = 2
includingtheboundaryof purestates(section3). In section4 we showarelation
of Uhlmann’sconnectionto the canonicalconnectionin the quaternionicHopf
bundle(instanton).In section5 we discussthe Riemannianmetric on thespace
of densitymatricesinducedby the Buresmetric andshowthatUhlmann’scon-
nectionfulfils the source-freeYang—Mills equation.

2. Generalremarks

Wedenotethe spaceof complexn x n matricesbyM~andby ~,, thesubspace

of (not normalized)densitymatrices.Considerthe stratification

M~uWI~+P:=WW*E24,, (2.1)

which is in fact theorbit mappingof the right U (n) actionon M~.Thisstratifi-
cationis a unionof fibrebundles,

M~=UM~(k)~U~,(k)=~’,,, (2.2)
k k

whereM~(k) [~ (k)] denotesthe manifoldof rank-kmatrices[rank-k density
matrices].Thegeneric(dense)stratumdefinedby detw~0 is isomorphictothe
trivial principalbundle

GL(n,C)—~GL(n,C)/U(n), (2.3)

and
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(2.4)

arethesingularstrata,for k< n.
WedenotebyP~( k) [S~(k)] thespaceof k-frames[orthonormalk-frames]of

C”. Moreover, let c C~C”” be a fixed orthogonal decompositionand
p:C”—~C”~the correspondingprojection.In thefollowing we considera k-framef
asaninjectivemappingf:~ Wedenotethematricescorrespondingtopand
fby the sameletters.Thenthegroup U (k) actsin a naturalwayto the right on
P~(k)andfi~÷ff*definestheprincipalbundleP~(k)—~~(k).

Proposition2.1. Themapping

(2.5)

givenby

(2.6)

is a bundleisomorphism.

Proof Obviously, P is a well-definedmapping.Moreover,sincepp* = Idck, we
havefpu(fpu)*=ff*, and,therefore,~ mapsfibres into fibres. It is easyto see
that~ is one-to-oneon fibres.

Remark2.2. The isomorphism(2.5) is a specialcaseof themoregeneralsitua-
tion [5], whena groupG actson a spaceM to theright with only oneorbittype,
say (H). In this caseMis isomorphicto the associatedbundleP XN/H H\G,
whereN is thenormalizerof H in G andP is theN/Hprincipal bundleof ele-
mentsofMwith stabilizerH.

Remark2.3. Themappingi:P~(k)-sM~(k)definedby

i(f):=fp (2.7)

is aninjectivebundlehomomorphism.SinceS~(k)isasubbundileof P~(k),with
theembeddingdefinedby

f*f=Idck (2.8)

we concludethatS~(k)isa subbundleof M~(k).

It wasshownin ref. [3] thaton the abovedefinedprincipalbundle,see(2.3),
theequation

w* dw_dw*w=w*wA+Aw*w (2.9)

definesa connectionform A. We shallgive ageometricalcharacterizationof this
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connection.Forthatpurpose,let us denotetheRiemannianmetric on thebundle
spaceGL(n,C) inducedfromM~by h,

h(X, Y)=ReTr(XY*) , (2.10)

andthecorrespondingvectorspacenormby I’ll,

11X112=Tr(XX*) . (2.11)

Proposition2.4. LetXeTWGL( n,C). Thenthefollowingconditionsare equivalent
(1)Xishorizontalwith respecttoA, A (X) = 0.
(2)XfulJuls

w*X_X*w=0. (2.12)

(3)Xisorthogonalto theverticalsubspacein thesenseofh.
(4) Xhasminimallength in thesenseofh amongall vectorswith thesamepro-

jection to thebasespace.

Proof
(1) Theequivalenceof thefirst two pointsisobviousby (2.9).
(2) A verticalvectoris ofthe form

V=wa, (2.13)

with a = — a”. Xisorthogonalto theverticalsubspaceiff

Tr(a(X*w_w*X))=0, (2.14)

for all aeu(n ),thatmeans,iffX*w_ w*X= 0. Thisshowstheequivalenceofpoints
2 and3.

(3) DecomposeX= Y+ V, whereVis verticalandYis orthogonalto V. Then
we have x~2 = II Y+ 1/112=11 YII 2 + v~~2showingtheequivalenceof points 3 and
4. E

In ref. [6] we havecalculatedA anditscurvatureF for thecasen =2 explicitly.
Theresultis

[w*w,O+6*], (2.15)

F= 2[Tr(w*w)]2 [0+0*, 9+0*] , (2.16)

with O=w’ dw denotingthe structureform on GL(n, C).
Forlaterpurposes,we definethefollowingtrivial SU(n) subbundleof theU (n)

bundle (2.3):
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Q~:={weGL(n,C):detweP÷}. (2.17)

Proposition2.5. TheconnectionA definedby (2.9) isreducibleto Q,,.

Proof We haveto showthaton Q,,A takesvaluesin the subalgebrasu( n), that
means,TrA=0. Sincedetw~0,wecanmultiply the definingequation(2.9) by
(w*w) ~to the left. Thisyields

w’ dw_w~w*_l dw*w=A+(w*w)_lAw*w, (2.18)

and—aftertaking thetrace—wehave

TrA=lTr(w’ dw—(w’ dw)*) (2.19)

From

d(detw)=detw~Tr(w~dw) (2.20)

we get that Tr(w’ dw) is a real-valuedform on Q,, and,therefore,TrA=0 on

Qn.

It is interestingto discussthemathematicalmeaningof thedefiningequation
(2.9) for thecaseof singularmatrices.Thiswill bedonein anotherpaper[7]. In
particular,we will show

Proposition2.6. Thedistribution

F~:={XcT~M~(k):w*X_X*w=0} (2.21)

definesa connectionon thebundleM~(k)-÷~~(k).

Remark2.7. Duetoremark2.2, theStiefelbundleS~(k)isasubbundleofM~(k).
Since Sn (k) is the purificationspaceof k-fold degeneratequantumstates,it is
interestingto askwhich connectionon S,,(k) is inducedby the abovedefined
connection.From eqs. (2.7) and (2.8) we seethatevery vectorXeT~i(Sn(k))
fulfils

X*s+s*X=0, (2.22)

foreverysei(S~(k)).Insertingthis intothehorizontalitycondition (2.21) yields
thatXis horizontaliff

s*X0 (2.23)

Thecorrespondingconnectionform is

A=s*ds. (2.24)
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Its pull-backundertheembeddingi, seeeq.(2.7), to theStiefelbundlegivesthe
canonicalconnection—asalreadyobservedin refs. [3,8]. Thisconnectionwas
usedin ref. [4] for thediscussionof k-fold degeneratequantumstates.

3. Structureof singularorbitsandconnectionon theboundaryfor thecasen = 2

Forn =2 we havethe stratification

Msew~~*p=ww*e2~2, (3.1)

which hasonly onenontrivial singularorbit type, definedby rankw= 1. From
now on we restrictourselvesto normalizeddensitymatrices,

Trp~Tr(ww*)=l. (3.2)

We denotethe spaceof matricesw satisfying(3.2) by M2, thesubspacesof ma-
tricesof rankk by ~i~2(k), k= 1, 2, and—correspondingly-—thespaceof normal-
izeddensitymatricesby ~ thesubspacesof rankkmatricesby 2~2(k),k= 1, 2.

Weseefrom eq.(3.2) that

~1~S
7. (3.3)

Moreover,everype~2 canberepresentedas

p~.1+xkak, ~ (3.4)

XkEP3, (o~)thePaulimatrices.It follows that

detp=~—~x~, (3.5)

andwe have

~2 ~D3 , (3.6)

~
2(l)~8D

3~S2, (3.7)

~
2(2)~Int(D

3) , (3.8)

where D3 denotesa three-dimensionaldisc. Putting x~=detpwe can identify
~2 with the upperhalf shell of a three-sphereand theboundary~ (1) of pure
stateswith its equator.Obviously, thegenericstratum

M
2(2)~S—~Int(D)~l~2(2) (3.9)

is a principalU (2) bundle.The structureofthebundle

./l12(1)—”*~2(1) (3.10)
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follows from proposition2.1. Wehave

M2(l)~P2(l)x~~1~U(l)\U(2). (3.11)

After inserting(2.6) into (3.2) andcomparingwith (2.8) we seethat

c12(l)~S2(1)XU(l)U(l)\U(2) . (3.12)

Finally, U (1) \U (2) ~ S
3and the Stiefel bundleS

2(1) -+ ~2 (1) coincideswith
thecomplexHopfbundleS

3—~S2therefore,

(3.13)

Due to remark2.3 we havean embeddingof the complex Hopfbundle into
M

2 (1) anddueto remark2.7, the inducedconnectionon theboundaryof pure
statescoincideswith thecanonicalHopfbundleconnection(gaugepotentialofa
magneticmonopole).

An explicit descriptionin termsof homogeneouscoordinatesis obtainedas
follows: Accordingtoremark2.3 and(3.12)theembeddingofthe Stiefelbundle
S2(l) into A~’2(l)isgivenby

~ ~)=(~~)eii~w~ (3.14)

where1a1
2+1b12= 1, andeverywcJCf

2(1) takestheform

~=~=(~~ (3.15)

with u beinga representativeoftheclass [u] EU (1)\U (2) ~ S
3. Theembedding

of theU( 1) factor is given by

U(l)ae-*(~ e~)~(2).

Ofcourse(3.15) is uniqueup to aN(U(l ))/U(l)~U(l) factor,w=shh’u,
andthis factormayberepresentedas

h_Ic 0
k,0 1

Thebundleprojectionin thesecoordinatesis now

(3.16)

makingthe Hopfbundlestructureexplicit. Finally, thepull-backof the connec-
tion form (2.24) takestheform

A=ctda+b~db, (3.17)



100 J.Dittmannand 0. RudolphIA connectiongoverningparallel transport

which isthe canonicalHopfbundleconnectioninhomogeneouscoordinates.

4.A relation to instantons

Thefactthattheconnectiondefinedby Uhlmanncoincidesfor purestateswith
a canonicalgeometricstructuresuggeststhat for mixedstatessomethingsimilar
happens.Thisis indeedthecase.Putting

w=(l/~j~)(x+iz), (4.1)

with (x, z) being apairof quaternions,seeref. [9], we identify S7with thebun-
dle space of the quatemionicHopf bundle over HP1 S4. The subbundle
~

2=Q2r~S
7,with Q

2 definedby eq. (2.17),is in quaternioniccoordinatesgiven
by

Tr(xz*)=0. (4.2)

In the quaternionicHopfbundlewe havethecanonicalconnection(instanton)

A=x*cJx+z*dz, (4.3)

seeref. [9].

Proposition 4.1. The connectionformA (treatedas a connectionon ~ coincides
with the restrictionofA to Q2.

Proof Fromthedefiningequation(2.9) we have

Tr(Aw*w)=~Tr(w*dw_dw*w). (4.4)

Onthe otherhand,a simplecalculationshowsthat

w*wA+Aw*w

=Tr(w*w)A+w*wTrA+[Tr(Aw*w)_Tr(w*w)TrA]1

=A+Tr(Aw*w) 1 +TrA(w*w_1). (4.5)

Inserting(4.4) and (4.5) into thedefiningequation(2.9) we get

A=w* dw_dw*w_~Tr(w* dw_dw*w)_TrA(w*w_1). (4.6)

Using (4.1) yields

w*dw_dw*w (4.7)

= ~(x* dx_dx*x±z*dz_dz*z)+~i(x* dz_dx*z+dz*x_dx*z)

=A~t~~i(x*dz_dx*z+dz*x_dx*z). (4.8)
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A simple quaternioniccalculation shows that the quantity t~x*dz— dx”z
+ dz*x_dx*z fulfils

(4.9)

Therefore,we obtain

w”~dw_dw*w_~Tr(w* dw_dw*w)=A. (4.10)

Taking into account that on we have Tr A= 0, see proposition 2.5, we seefrom
(4.6) and(4.10) thatAandAcoincideon Q2.

5. Field equations

5.1. THE NATURAL RIEMANNIAN METRIC ON ~2(2)

Thenorm(2.11) inducesa (topological)metriconthespaceof densitymatri-
ces~ called the Bures metric [10],

da(p,,u):=inflIW_vII , (5.1)

withp = ww*, p = vv~.Obviously,

Ilw__v11
2=Tr((w_v)(w_v)*)=2_2ReTr(wv*)

and,therefore,

d~(p,p)=\/2_2sup{ReTr(wv*)}. (5.2)

The quantity

t(p,p):=sup{ReTr(wv*)} (5.3)

is thetransitionprobabilitybetweenmixedstatesp andp [3]. Onefinds [11]

dB(p,p)=\/2_2Tr(ph/’2pp~/’2)1/2 (5.4)

Moreover,we havea naturalRiemannianmetricg onthe manifoldof nonsingu-
lar densitymatrices,

g(X, Y):=ReTr(X~~(Y~~)*), (5.5)

whereX, YeT~,, (n) andX” and yh arehorizontallifts in thesenseof thegiven
connection.Obviously,g isgiven by

gs*{Re Tr( (dw—wA)(dw_wA)*)} , (5.6)

where s is an arbitrarysection of the principalbundle (2.3) anddw— wA is the
horizontalcomponentofdw.

Proposhion 5.1. For n = 2 weget



102 J.DittmannandG. Rudolph/A connectiongoverningparalleltransport

g= ~Tr(dpdp) +d(detp)~2~d(detp)~2. (5.7)

Proof From (2.15) we have

dw_wA=~w(0+0*_[w*w,0+0*]). (5.8)

Using the (unitary gauge) section

s(p)~—p”2, (5.9)

we get

s*(dw_wA)

= ~p~’2(p~’”2dp 2+dp’’2p’’2— [p,p~~2dp’’2+dp’’2p~’’2]

= ~p1/2 (p—I /2 dp p1 /2 — [p,p1 /2 dp p — 1/2])

=~(dpp~2—pdpp”2+dpp~”2). (5.10)

Inserting(5.10) into (5.6) yields

g=~Tr{(p1+2—p)(dp)2+(p—2)dpp dpp}. (5.11)

Denoting

A:=detp”2, (5.12)

the Cayley-Hamilton theorem for p yields

p2—p+).2~l =0 . (5.13)

As a consequencewe get

p~ = (1 —p). (5.14)

Inserting(5.13) and(5.14) into (5.11),we get

~ (5.15)

Finally, from (5.13) oneeasilyderivesthefollowing identities:

Tr(p(dp)2)=~Tr(dp)2, (5.16)

Tr(pdppdp)=)~2[Tr(dp)2+4(d)~)2]. (5.17)

Inserting(5.16) and(5.17) into (5.15) gives (5.7). U

Onthe other hand, a Riemannian metric can be obtained by taking the Hessian
of the square of the distance function defined by the Bures metric,
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~ (5.18)

Applyingthis formulato then = 2 case,onefindsthat~coincideswith g given by
(5.7).Using othertechniques,formula (5.7) wasindependentlyobtainedin ref.
[12]. In coordinates(x0, Xk), introducedin section3, we get

g=~dx~+d4, (5.19)

showingthatg coincideswith theRiemannianmetric on theupperhalf shell of
S

3 of radius~. In thesecoordinatesthecorrespondingvolumeform is given by

v=—dx’AdX2Adx3. (5.20)
2x

0

5.2. THEYANG-MILLS EQUATION FORTHECASE n= 2

For the caseof normalized densitymatrices formulae (2.15) and (2.16) for
connectionandcurvaturetaketheform

(5.21)

F=fldet w1
2[0+0*, 0+O*]+~Tr{w*w(0+0*)}[w*w, 0+01 . (5.22)

Choosing section (5,9) we get the following pull-backs (gauge potential and its
field strength):

A=[p1”2,dp~2] , (5.23)

F= ~ (Trp”2) 2[~,,~l/2 dp~2]—Trp”2’Tr(dp”2) A [p”2, ~l/2} . (5.24)

(We usethe samesymbolsA andF for the pull-backs!) Thelast formulais the
result of a lengthy, but simple calculation, where one hasto usetheCayley—Ham-
ilton theorem

p—Trp2~p”2+detp”2~1=0 , (5.25)

andconsequencesobtainedby differentiatingit.
Furthercalculationswill beperformedin stereographicprojectioncoordinates

(Zk) on 53~DenotingIIzIl2~~L,z~,we have

1 11z112—l _______

2 IIzIl~+l’ Xk 11z112+1 (5.26)

Moreover, we denote by ~the Euclidean metric on l~ and put u~11z112+ 1. Then
we get

1~
g=—~~ dz~, (5.27)

/4 k=I



104 J. DiltmannandG. RudolphIA connectiongoverningparallel transport

that means,

g~ ~ g~Jp
2~U (5.28)

Fordensitymatriceswe have

p.l+~~k, (5.29)
[(P—i)’l +z~]. (5.30)

~.J2p(p_l)

Insertingthisinto (5.23) and(5.24),we obtain

(5.31)

F= p2(p_ 1)2 {~‘(p(p—l)flirn —zizm)

+(2l2l)Z((ClimZjCljmZi)}~m dz~Adz~. (5.32)

Proposition 5.2. The abovedefinedgaugefieldfulfi is thesource-freeYang—Mills
equation~

D*F=0. (5.33)

Proof Thecanonicalvolume form (5.20) takestheform

V ~ CkIm dzkA dz’ A dzm.
6p

Using this and (5.32), we get for the Hodge dual ofF the following formula:

*F p(p—1) [_(Ii_l)~1kl+2zkzl]akdzI. (5.34)

Nowonehasto calculate

D*F= ~( *F
11< — *Fk,+ [Ak, *F1] — [A1,*Fk]) dz~Adz”. (5.35)

Using (5.31) and (5.34) we obtain

= 4u(p— 1) {~imkZ1+ ~7m/Zk + ~1klZm— JL(f4—l) Z,,,ZkZ, — ~ flmlzk}am,

(5.36)



J. DittmannandG. Rudolph/A Connectiongoverningparallel transport 105

[Ak,*Fl]= p
2(p~l){_flmkZi_~k1Zm+ (p~l)ZmZkZi}. (5.37)

Combiningthesetwo formulaewe get

p
2(,u—l) (77~k2j~7m1Zk)~m

= — ([Ak, *F,] — [A
1,*Fk]) . (5.38)

U

Finally, taking into account remark 2.7, we notice thattheU (1) connectionon
theboundaryof purestatesfulfils the source-freeMaxwell equation.

Theauthorsare verymuchindebtedto A. Uhlmannfor helpful discussions.
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